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Abstract
Using the well-known Chern-Weil formula and its generalization, we sys-
tematically construct the Chern-Simons forms and their generalization in-
duced by torsion as well as the Nieh-Yan (N-Y) forms. We also give an
argument on the vanishing of integration of N-Y form on any compact man-
ifold without boundary. A systematic construction of N-Y forms in D=4n
dimension is also given.
1 Introduction
Curvature plays an essential role in gravitation theory, while torsion is received
less attention. However, torsion has also its geometrical meaning and plays some role
in gravitation theory.[1-12](for more complete references see [11]) Let us Consider
a four dimensional compact nonboundary manifold M with metric gµν . There are
two dynamically independent one-forms: the connection ωab and vielbein e
a (gµν =
ηabe
a
µe
b
ν). We can define curvature and torsion 2-forms out of ω
a
b and e
a by
T a = dea + ωab ∧ e
b,
Rab = dω
a
b + ω
a
c ∧ ω
c
b
(1)
In geometry, ωab and e
a reflect the affine and metric properties of M, while in physics,
torsion and curvature may be related to energy momentum tensor and spin current
respectively. In spite of the similarity between connection and vielbein, they are
different geometrical objects indeed, which can be seen from their local SO(4) trans-
formation properties. Under local transformation Kab , the connection and vielbein
transforms as
ω → KωK−1 +KdK−1,
e→ Ke,K ∈ SO(4),
(2)
respectively. As we can see from (2), ωab is not a tensor, and e
a is a vector. This
difference will have important consequence, which will be discussed later.
Using curvature we can construct characteristic classes, integrations of which
will be topological invariants of the manifold, which reflect the global properties of
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the manifold. The well known characteristic classes for a 4 dimension real manifold
are Pontrjagin and Euler classes [13],
P = 1
8pi2
Rab ∧ Rab,
E = 1
32pi2
εabcdR
ab ∧Rcd
(3)
The integration of P and E on M take integer number, which distinguish topologi-
cally different manifolds.
It is well known that locally P4 = dQ, Q = ω ∧ dω +
2
3
ω ∧ ω ∧ ω is the local
Chern-Simons form, which has many applications in physics. Q is constructed from
connection. However we can use the Chern-Weil formula and its generalization to
construct global Chern-Simons forms and their generalizations containing torsion.
This will be discussed in section 2. In the same spirit, we construct N-Y form [8-9]
in section 3. The N-Y form on 4-d manifold M can be written as
N = T a ∧ Ta +Rab ∧ e
a ∧ eb = dQNY ,
QNY = e
a ∧ Ta
(4)
We will give an arguments on the vanishing of integration of N-Y form on M without
boundary. In section 4, we will give a systematic method for constructing N-Y forms
in D=4n dimensional manifolds.
2 Torsion induced Chern-Simons form
The main method we will use in this paper is the Chern-Weil homomorphism.
Every characteristic class is related to a symmetric, invariant curvature polynomial
P and P satisfies:
(a) dP(R)=0, P(R) is an element of the de Rham cohomology;
(b) the Chern-Weil formula; for any two given connections ω0 and ω1,
P (ω1)− P (ω0) = dQ(ω0, ω1),
Q(ω0, ω1) = r
∫ 1
0 P (η, ω
r−1
t )dt,
(5)
where r is the order of the polynomial P, and
ω1 = ω0 + η,
ωt = ω0 + tη, 0 ≤ t ≤ 1
(6)
Q(ω0, ω1) is the well known Chern-Simons secondary topological class.
On a 4d manifold M4, there are two typical connections. One is the general
affine connection ω, the other is the Riemannian connection (torsion free) ω¯. The
curvatures of ω and ω¯ are R and R¯. The difference of ω and ω¯ is contorsion.
ωabµ = ω¯
a
bµ + η
a
bµ,
ηabµ = e
a
ρT
ρ
bµ − e
ρ
bT
a
µρ − e
a
ρe
λ
b e
c
µT
ρ
cλ
(7)
Applying the Chern-Weil formula (5), we have
P (ω)− P (ω¯) = dQ1(ω¯, ω), (A0 = ω¯, A1 = ω)
Q1(ω¯, ω) = tr(2η ∧ R¯ + η ∧ D¯η +
2
3
η ∧ η ∧ η)
(8)
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where D¯η is defined by
D¯η = dη + ω¯ ∧ η + η ∧ ω¯ (9)
It is easy to see that Q1 vanishes whenever ω is torsion free. For a manifold with
ω¯ = 0, Q1 = tr(η∧dη+
2
3
η∧η∧η). The form of Q1 is like that of usual local Chern-
Simons form, however Q1 is determined completely by torsion and
∫
M dQ1 = 0.
Using the generalized Chern-Weil formula,[14-15] we can get the generalized
Chern-Simons form. The generalized Chern-Weil formula is,
(∆Qk−1)(A0, ..., Ak) = dQk(A0, ..., Ak)
Qk(A0, ..., Ak) = (−1)
k
2
(k−1) n!
k!(n−k)!
∫
∆k P [H
k
0 , F
n−k(A0 +
∑k
i=1 t
i(Ai − A0))]
Q0(A0) = P (F
n(A0))
(10)
where
H0 =
∑k
i=1 dt
i(Ai − A0),
∆k = {(t1, ..., tk)|
∑k
i=1 t
i = 1, 0 ≤ ti ≤ 1}
∆Qk−1(A0, ..., Ak) =
∑k+1
j=0(−1)
jQk−1(A0, ..., Aˆj, ..., Ak)
(11)
∆ is also a coboundary operator, ∆2 = 0.
For k=0,1, we have tow properties of polynomial P, (a) and (b). For the case
k=2, if we choose A0 = ω¯, A1 = ω,A2 = K
−1dK,
(∆Q1)(A0, A1, A2) = Q1(A0, A1)−Q1(A0, A2) +Q1(A1, A2) = dQ2(A0, A1, A2)
Q1(A0, A1) = tr[2η ∧ R− η ∧ (dη + ω ∧ η + η ∧ ω) +
2
3
η ∧ η ∧ η]
Q1(A0, A2) = −tr[2η2 ∧ R¯− η2 ∧ (dη2 + ω¯ ∧ η2 + η2 ∧ ω¯) +
2
3
η2 ∧ η2 ∧ η2]
Q1(A1, A2) = −tr[2η1 ∧ R− η1 ∧ (dη1 + ω ∧ η1 + η1 ∧ ω) +
2
3
η1 ∧ η1 ∧ η1]
Q2(A0, A1, A2) = 2tr(η ∧ ω − η ∧K
−1dK)
(12)
where
η1 = A1 − A2 = ω −K
−1dK
η2 = A0 − A2 = ω¯ −K
−1dK
(13)
For the case of k=3,
(∆Q2)(A0, A1, A2, A3) = dQ3(A0, A1, A2, A3) = 0 (14)
for arbitrary Ai, i=1,2,3,4.
Similar treatment can be applied to Euler characteristic. The only change is the
definition of polynomial in (5).
E(ω)− E(ω¯) = dQ1(ω¯, ω)
Q1(ω¯, ω) = 2εabcd(R
ab ∧ ηcd + 1
2
D¯ηab ∧ ηcd + 1
3
(η ∧ η)ab ∧ ηcd)
(15)
Again let A0 = ω¯, A1 = ω,A2 = K
−1dK, we have
∆Q1(A0, A1, A2) = dQ2(A0, A1, A2)
Q2(A0, A1, A2) = (2εabcdη
ab ∧ (ω −K−1dK)cd)
(16)
and
(∆Q2)(A0, A1, A2, A3) = dQ3(A0, A1, A2, A3) = 0 (17)
for arbitrary Ai, i=1,2,3,4.
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3 A simple approach to N-Y form and some com-
ments
We now follow the same spirit of section 2 to introduce the N-Y form. We embed
the SO(4) connection along with the vielbein into 5 × 5 skew symmetric matrix
[3-7] and define
W0 =
(
ω 0
0 0
)
W1 =
(
ωab
1
l
ea
−1
l
eb 0
) (18)
where l is a constant with dimension of length.
Though written in the 5× 5 matrix form, W0,W1 are still SO(4) connections. It
can be seen from following. According to (2) W transforms as
W → K¯WK¯−1 + K¯dK¯−1 (19)
where
K¯ =
(
Kab 0
0 1
)
(20)
The transformation property is just the transformation property of an SO(4) con-
nection. Using Chern-Weil formula again, We have
P0(W1)− P0(W0) = l
−2dQ1(W0,W1) =
N
l2
(21)
where
N = T a ∧ Ta − R
ab ∧ ea ∧ eb
Q = ea ∧ Ta
(22)
N is just the N-Y form.
If we let
W0 =
(
ω 0
0 0
)
W1 =
(
ωab
1
l
ea
−1
l
eb 0
)
W2 =
(
ω¯ 0
0 0
) (23)
where ω¯ is the Riemannian connection, we have
∆Q1(W0,W1,W2) = Q1(W0,W1)−Q1(W0,W2) +Q1(W1,W2) = dQ2 = 0 (24)
where
Q1(W0,W1) = QNY = e
a ∧ Ta
Q1(W0,W2) = tr(2η ∧ R¯) + η ∧ D¯η +
2
3
η ∧ η ∧ η
η = ω − ω¯
Dη = dη + ω¯ ∧ η + η ∧ ω¯
(25)
Q1(W0,W2) is just what we have obtained in (8). In fact (24) is still valid if one
substitutes ω¯ with another arbitrary connection ω′ in the definition of W2.
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Several comments are in order. First, it should be emphasized that W1 is an
SO(4) connection rather than an SO(5) connection [10-11]. In fact, if W1 is an
SO(5) connection, eaµe
b
νηab = gµν is violated and e
a is no long an SO(4) vector.
Consequently, the geometric meaning of vielbein and torsion is lost. As a result, we
have
∫
M dQ = 0 from Chern-Weil formula. We can arrived the same conclusion in
another way. For convenience, we suppose M be S4. We separate S4 into two pieces
and identify them with the southern hemisphere US and the northern hemisphere
UN and US
⋂
UN = S
3. We have
∫
S4 N =
∫
S4 dQ (26)
Since Q = ea ∧ Ta is a scalar, we obtain the result
∫
M N = 0, as the above proof is
true in general. So there is no new topological invariant.
Second, N-Y form is a kind of Chern-Simons form and will have its application
to manifold with boundary and reflect the role of torsion in geometry. For instance,
QNY = T
a ∧ Ta, when ω = g
−1dg, g ∈ SO(4). In this special case Q is totally
determined by torsion.
Third, the generalized Chern-Simons forms constructed in the section 2 are N-Y
like forms in the sense that they are all constructed from generalized Chern-Weil
formula and induced by torsion and always play essential role on submanifold of
corresponding dimension in M.
4 Higher dimensional generalization of N-Y form
In this section we apply the method further and show how to get the higher
dimensional generalization of N-Y form. Though the problem has been considered by
O.Chandia and J.Zanelli [10], our treatment is systematic and easier for calculation,
furthermore we always make use of the C-W formula which has clearer geometric
meaning.
Let us consider the case of D=4n, n ∈ Z, and take D=8 as an example. There are
two independent polynomials of order 4. Using them we can construct the following
object
P = (trR2)2
P ′ = tr(R4)
(27)
If we choose two SO(8) connections ω and ω¯, ω¯ is the Riemannian connection
without torsion. Using Chern-Weil formula, we find Q(ω¯, ω) as the Chern-Simons
form
P (ω)− P (ω¯) = dQ
Q = tr(η ∧ R) ∧ tr(R ∧ R)− 1
2
tr(η ∧Dη) ∧ tr(R ∧ R)− tr(η ∧ R) ∧ tr(R ∧Dη)
+1
3
[tr(η ∧ η ∧ η) ∧ tr(R ∧ R) + tr(η ∧ R) ∧ (2η ∧ η ∧R) +Dη ∧Dη)
+2tr(η ∧Dη) ∧ tr(R ∧Dη)] + 1
4
[−2tr(η ∧ R) ∧ tr(η ∧ eta ∧Dη)−
2tr(R ∧Dη) ∧ tr(η ∧ η ∧ η)− tr(η ∧Dη) ∧ tr(2η ∧ η ∧ R +Dη ∧Dη)]
+1
5
tr(η ∧ η ∧ η) ∧ tr(η ∧ ηDη)
(28)
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It is straightforward to obtain the generalized Chern-Simons forms.
We may also embed SO(8) connection and frame 1-form ea into a 9 × 9 skew
symmetric matrices such as
W0 =
(
ω 0
0 0
)
W1 =
(
ωab
1
l
ea
−1
l
eb 0
) (29)
where ω is an SO(8) connection. It is easy to check that W0,W1 are still SO(8)
connections. Again, using Chern-Weil formula, we have
P (W1)− P (W0)
= 41
l
tr(R ∧ R) ∧N + 4 1
l2
N ∧N
= dQ
Q = 4
l
tr(e ∧ T ) ∧ tr(R ∧R) + 4
l2
tr(e ∧ T ) ∧N
(30)
where N is 4d the N-Y form. Since l is arbitrary constant, we have two exact forms
containing torsion
N1 = tr(R ∧ R) ∧N (31)
and
N2 = N ∧N (32)
Same procedure is applied to another polynomial P’ as follows:
P ′(W1)− P
′(W0)
= 1
l2
[4(Ta ∧R
ab ∧ eb)(Ta ∧ e
a) + (Ta ∧ T
a)2 − (ea ∧R
ab ∧ eb)
2]+
1
l4
[Ta ∧R
ab ∧ Rbc ∧ Tc − e
a ∧ Rab ∧Rbc ∧ Rcd ∧ e
d]
= dQ′
Q′ = 4
l2
[(e ∧ T + T ∧ e)ab ∧ (R ∧ R)
b
a] +
1
l4
[2tr(e ∧ T ) ∧ tr(T ∧ T )+
tr(e ∧ T ) ∧ tr(e ∧ R ∧ e)]
(33)
So, we get the other two closed forms related to torsion,
N ′1 = 4(Ta ∧ R
ab ∧ eb)(Ta ∧ e
a) + (Ta ∧ T
a)2 − (ea ∧ R
ab ∧ eb)
2 (34)
and
N ′2 = Ta ∧R
ab ∧Rbc ∧ Tc − e
a ∧ Rab ∧ Rbc ∧Rcd ∧ e
d. (35)
Of course the integrals of above N-Y forms on a manifold without boundary are still
zero. But they should play certain role on a manifold with boundary.
Similar result can be obtained for the Euler characteristic.
5 Conclusion
In this paper we use the Chern-Weil formula and its generalization to get some
Chern-Simons forms and their generalizations depending on torsion. One of them
is the N-Y density and the vanish of integral of N-Y form on a manifold without
6
boundary is proved. We also give a systematic method to construct high dimen-
sional N-Y like forms. The geometric meaning of the generalized Chern-Simons form
including N-Y (like) forms on the lower dimensional manifold with boundary and
their relation to anomaly are under investigation.
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